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in a previous rﬁyarz“ describing the application of block

; 2
Gilagran methods <4

to nonlingar eircvit prodblems, it was shown
that the mataematical relastlions for & varliety of circuite in-
ecluding cne nonlinsar elemsnt could e indicated v a block
&lagran of the tror given in Fig. 1. In thie & goan, Gq(8),

ﬁgizé, end ;S {1. ~r¢ trenafer functione whics ~xpress in
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Figure 1. General Block Dilagraw
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e function, f(x), which describes an instantaneous nonlinear

relstion between the variablea x and y. It was aslso pointed

S,

B 1 I - _
P TR PR

fL
£

out thet circuits exist whose biock dlagrems cannot s reducec

t
¢

to this gensrsl form.
Furthsr study, summarized in this report, indicates that !
natworks of a falriy gensral class can be described in thils way.

i i Tl # kit e MR

. .,ﬁmm

& e s T 'B
Y o ey eraas I l




i i e

- 2
A theorez i3 presenisd whlch pormits the ferward nd Teedback
tluecks to bo interchanged, 1f this should prova Jsalrable. The

exnaptions are likewise fouzd teo constlivis o genersi olass to

whickh siwilar wethods, with some complications, - <« bé apprlied.

A3 indicated praviousliy™, the variaplie By T e acmputed

from e by conventional

% £
ugthoda; if

bz co tha reaponss of & 1lns

mputel as
therefore, is the analysis of feedbstk systen wlih e
in

forward block and a linesr feadbenrk Tlock, or vies varsa.

this raport,; a possible stsp-by-step method for this pu
dercribed. The method involves the deverminetion ol Xy by

atiunal methods, soluticm of the fgedback ayztan Uy &

of an approximation to ths superposition invezre” gad o graphical
golution of two simultaneous slgebrais aquaticr: , znt finally &
calculation of o, by any aprropriate method. A i77 examries &ro
inciudsed to 1llustrats ths method and the questl :. of aseuracy
is zonsidered briefl ='
Although the examples dlscussed are probleus in electric
¢ircuitz and counticl systems, the procsdures ars ﬁ*plﬂs;bie to
cthzr types of dynsmic systeme by the well-ikaown leounique of
sleciro-mechanical analogles or by direct constrictlon of ths !
block diagremsa, %
;
Represeptetion of Clrcuiy Elements ;;
The block diagrams for individual linesr slemsits are given 3
in Fig. 2, Two sets of Qisgrams, called "inmpedance” and "admitti. ;
ance” , are retuired becamse of the psossibility that either 2;
%
4
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voltages or ourrents may arpear as inputs to the blocka. Mutusl
induwtance and the snplificseticn fasctor or trensconductance of

vacuum tubes may aise be requirsd in the block diegrams.

ELEMM AMPEDAMNT i ADMITTANCE
Registance —t ed R % & g 6 i
iﬁ&uct*ﬁ‘c : S Ls 8. 2 L E 4

RGO G o a oy e} ——
I
Capacit = = e ° c i
pacl,anse 5+ e » s T 8 b

Figure 2. Block Repressntation of Linsar Eiscments

The block disgrax representation of nonlinesr elesusnia is
not 80 slmple, since it generally requirsa the apeecification of
a nonlinesr function and a dynamic relestion. Iie reprcaentations
adcpted for the common circuit elements sre given in Fig. 3. The
seript symbole (& .M, f}, snd ac forth) dencte functlopa, withk
the ocutyut of the block betr: ~onsidered sa 2 function of the
input. This functich: mey e given angliytically or may only be
expressible in griinical or Labular Ioru.

For z nonlinesr resisior, %Hhe rvoliasge-current relaticun may

be given as

8 = @(1) (1

oK i o= 7@493 p {2)
depending on vhather the current o vcltage 1s considered to be
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A noniinear inductor may be charscterized by two relations:

i = @), (3)

1

which represents the saivration or magnetization swve, and
“E

- 5 8 b

which is Faraday’s lav. If seversi ¥irdings anpesx on iane sane é

core, the flux is teken ss & function of the net ampere-turns.

A nonlinear capssltor is siso desscribed by two ralatlons:

A
e = Q) (5

which ig airiiar to the saturation curve of a magnstic materialé; E
1= 4, 6)

a basic definition.
It may be noted in passing thet the primciple of Sueliity s
applicable in ronlinear circuits end that the saturatlon curves

of rerromegnetic and ferroelectric mateorials correanond picselw
enowh that solutions for one probliswm can scwetimes boe used

dirgctiy as solutions of the sssociated dusl netuork®,

Gexnezal Block Diagrap
The block disgram for any nstwork having ithe cornfiguraticn
shown in Fig. 4(a) or 5{(a) can be reduced to the gemeral form

given in ¥ig. 1. In thsse networks, the nonlinsar element appears

betwean tvwo four-terminal netvorks, in sither a serles or ammt
position. Although nonlinear resistors are shovn, any of the
other nonlinear elements may be subsetituted.
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The four-terminal nstworks may be characterized by thelr
equivalen: T- or w-sectlions, whichever is mest convenient. as
shown in Figa. 4(b} snd 5(b}. The impedsncss nf thse gensrator
supplying the pstwork and ihie messuring davice at the output
sre assumed to be included in the nigwarks N and N. Should 2t
be deairaeble, the netvworlks can also/specifiad by thelr open-
clroult impedsnce perameters or the short-circult admittance
?az’ametez‘s?s

The criginel block dlagrems, based on the clreult sguaticns,

‘are gliven in Figs. 4{c) snd 5{c). The final diagress, cbtained

vy & fov simple block transformationsi=F, are given in Figs. 4(d)
end S{2). Study of these final diagrams indicates that they can
2lge be cbitzinad by direecl aprlication ef standard network theorems;
Pig. 4(4) can be darived from the circuit dlagram by the use of
Thevanin's tneorem, and Fig. 5{d) by Norton's theorem.

it wilil be observsd that & ceries nonlinear elisment is best
described by ite admittance functlon (voltage input and current
output), and that a2 shunt element is described by an impedance
releticn. Likewise, it may be seen thst Zp doses not appesr in
Fig. 4(d) and Y, does not appear in Fig. 5{d}.

The same type of final block disagrem 1s oblained Af the

four-terminal networks are coupled by a nomlinear {(iron-core)

b s aA Yoo Theow L o AV o momnd B omma
tz’ma\lamw& ¢ ab 3“6{";6903\& MY FApe W Uf LALEY uw:l‘uu. PRSJYS N T

Exgeptiong

If the seriles elsment 18 shunted c¢r bridged bty an unlike
liiear element, or if an unlike linenr element ic placed in
aseries with the shunt elemevt, a natwork is produced vwhose
bleck diagresm éoe:/m;:e‘iuce 4o the general form of Fig. 1. Such

networks zre oncomw in Figs. 5 and 7.
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Figurs 6. Parallsl Combination batween Two Networks
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Figure 7. Series Combination between Tvwo Kstworks
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& possible method for desling wilh edceptiens of this type
is augzested in ¥ig. 8. A cirouvit dlagram for the network of

Pig. 6, using T-gecticn representations for the four-terminel

5

nalrorke anl sxuressing the slements in veorms of the inpedancs
rarenelers, is given in Fig. Bia). In developing the blosk
diagram given in Fig, 8{L}, Thevenin's theores is zpolied Yo
the left-bend nstwork (N} to obtaln am opan-aircuit voltaze,
e{Zqp/Zy3}, and en equivalent source impedance, 1/¥y,. The
voltaze asross the paraliel combinatiom of lfp and ths nenlinear
element is then coumputed by subtrecting the voltsges meross
{2/¥5) and Z,, from the open-circuit voltags. 7ith the voltegs
asross the rarelisl combinstior svellable, the current entaring
the right-hand network (ﬁ) can be compubed and then used to find
the output veitsge, as wWell as the intermal voltage drors.

For convenlence, the feedback block in Fig. 8(b} is called
“A" in dsveloping ths final dlsgram given in Fig. 8(¢). This
Glegram can be obtalned by block transformaticns cr by applying
Norton’s theorsm to the equivalent elreunit fyam whish Fig, 8(b}
was Gorivad. The final diasgram beare some ressmblancs te Fig. 1,
aithough the noniinesr block row sppears in the feedback path,
end ¢an be handled YLy similar meLnuis.

7he network ahown in Fig. 7 may be treated i.» easentiall;

the zame wey and the details are not included here.

P
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Tha Llook 4rensformatisr ashown in Fig. (=), although noh 3
-
. widely konoWwn or ussed, can sanily e chacked by acliving the baslio E
equations of the feedback systems or by appiisatlen of the ususl :
rajation
i
FL) A
é = i B 2 == {7}
X+ A:’ vy 1 + - '-fea’
12
i¥ the forward bloek is nonlinear, the 4ransformatlcn shawn
in ¥iz. 9{b) is spplicabley this foilows frcm the fact that the
eguaticns may be writton as
= - % (8
X = xl XZ \83
y = f(x) {2}
s X = ’5{5) v {10)
» oY &3
X = X%y = X {11)
— 1
x = gly) {13)
whare ths function § 1s releted te ¥ in such a w#ay that
T = g [f(xi] = % (14)
It may be anid that the forward and fesdbaclk blocks can bs
inlerchanead by {he substitultlion of their iunverses or reciprocals.
Application of tils thecrem permits the fasdback icop in Pig. 8(c)
: to be reduced to the standard ferm. $
An Allustration of the theorem 1s vrescented in Fig. 10,
i
vhaere a specific eircult probliem is considered, i
o NI 1 PRSARD AR
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Tollows: given & complals deraiivhion oF a‘z.a 1inaze and =on.

iingsr portione of ths svates 20 3 s:wgifﬁei %,mr.;%,; al%}

is ihe corpesponaling wibpi b, v 13T A :::&:ml spproash .o inis

proviom 3u Geseribed and Lliustiweed in tho rensinder of tus

Taport. . :
The firat stsp in the - 2uit:on is ths deierninaticn of

X,{tj. vhich may ks acoomplighed by eny of saveral methodr.

Since the input block is lir~-r, the differential equation
relétins e(t) and xl(t) car e recoversd and solved by classical
methods. Using operational usthoda, we would have

xy ) = L7 [aye) mia)] (25)
whers E{s) is the transform of e(t}. If the steady-state solution
for a pericdic input 1is required, ithe transfer function Glis)
can be converted into an expresalon for megnitude and phase
at real frequencles by the subestilution of jo for s. In the
gensral case, where nelther Lajlzce nor Pourler transformes are

aspeclally convenient, it is vrnzaibls to write®
t
x,(t) = f s{t - T) gy(0) ax (16)
o

. -1
where Slxt) = ;f [-G‘.i. is)} » the impulse response or veighting
function for the input btlock, and to determine xi(t) approxi-
mately to any desired accuracy. '
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The reai problem s the calculation of %he response

oy

tiie Yaedoasl sysien, thet

i,
& given X, i%). Using Bgs. (8)}-{10), this problem msy be written

s 3
i the bime Aomalin as &0 integrsl sguation
{’t s ]
t} = xis} - § Py f}_x(t ) & Q)
+ 4y i
(%) rté A g
or 2t) = xmte) - [ pe.ny £ [xmfar (s
we

where !13 {t) = Ef = [(5 {s?s; the impules respense or weighting
function of the feedbasck block. Equetions (17) smd {18) are both
special casea of Lalesco's neniinsar integral equationg, which
has been appliisd i¢ circuit problems by Kellerlo aad Pﬂgsell.

In the analyiic irsatment of this typs of equatiox, & seguence
of functicns 1s obisined whose lilmit ies the solution. The main
Giffionlity with this method is the compiexity of the integranda
enascunteored. The nscessity for an ansiytic desceription of the
nonlinearity may also be troublssome.

Approximate solutions of the systam sguations cen be ohtained
by step-by-step methods, using either one of iwo proceduras based
on Egs. {8}-{1C}, vhich will probably be simpler to apply then
the iteration method just described. In ths first method, the

foodback block 1s handled by writing Zg. (10} as
rt
x(t) = | (X)) yit -T) At ; (19)
Yo
this integral 1s then evaluated numerically by any of the well-
knovwr methods for approximate 1ntagraticn12‘l5. This approach
tap been used by Mazelsky and Diederichlé in vork on atricily

linear systoms.
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é% In the second method, y(t) is rsscived inte component L
V} signeis {(stsp functions, rsctenguler or trianpgulsr pulses, snd i
Ei‘:: 3 Ml %% - Z
= . ge forth) for whiech the responss of the fsedback block can be 3
computed; the variable x3{t) is obtained by superposition of i

i

the responses te¢ the s@epsrate componsnts of y{t}. This method %
by ‘&f) - .g ’

has been applied to nonliincar systems by TustinT +° Madwea'?, H

and H&rmgrgeg gome of tl:e nathemstical qusations invelved have
been Aiscussed by Brawnelg In these applicationa, the ssquence
of numters representing the resnonse of the linear portions of
the system to the basic input componant has been found by
substituting differonce operators for differentlal cpersters,
rather than by direct calculetion.

The first methed wlll be smployed in this report, since

it appears to oifer some advantages. Unlike tho cther methods,

. no attenpt is made to approximate the variables in components 3
or %6 express the operation of differentiation in terus of
differences. Errors pecullar to the first method are mgds in
the approximate integration, with ths result that their size
can reaiily be estimated, iih a Inowledgs of tho welghiing
function (calculated in gdvance by ordinary operational methods)

and the Input x,, a suiitsble tims increment can be selected.

The arithmetic operatiocns are routine and a standard Lyps of

grephicel computatlion is used.

Having obtalnad on sprroximate selutlon for ylt), 3t is
still necessary ic find eg(t}. In some cases, as illustrated
by tho exmmples, e, {t) and z;(t} are simply reloted; in other

casse, o second anvroximate interrotion mnay ve requirod.

‘ﬁ‘:": 3m Ry Rﬁ;?}j}":ﬂ'-‘ﬁm}f’.l‘m‘ } igm@qm«m-umﬂ d b
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‘ s
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Bzfore pressniing any exsamplos, & mors dstalled deecriplicn
will be giver of ths msthed usei to obisin the response of the
Tesdbank sysiem.

The impulse response of the fgedback block is calculated
by taiing

Al = LT ple] (20)

Sirce ﬁz(s) is normally the ratio of twe polynomials in s, the
relative ordew of the numerator and denominator ars of Interest.
Ir ﬁ(s) is, for exampla, of the form

Bis) = ~ 2 (21)

g + & g + 15

the impulss reaponse is found to be

, el A
ﬁ;(t) = e sin 3t {

N
fu
L

ol
from any transform table .
If the mumerator and denominator ers of the same order, as

in the cease

= 8 2
!3(5, K —3 {23}
it 1s advisable to write {by division}

; 2

fle) = E = K m—em—e (24)

The izpulse ysanponaz is thon

~ o -
,!-:5(*;4) = K »(0) ~ K = {253
HNers § {G) 45 2 unit imrulsc ab 28ro tims.
= gar & - Lt A 4 i =i LT e 5 Syl i

L

PRI AR Y

L

PPN




SRR IS Ly

k.
#

Such impulsive components ectualliy aimplify tas problem,
S

since they imply a sirong dependsnce of the prasent valuo of

%x,(t} on the present value of y{t}. In fact, 2T ¥ 5(0) wers

a4t = K y(t) (26)

The fesdhack block would thersefors be rspresented by a linear
relation betvwsen the Instantancous vaduss of x, and y, and
could be cembined with the nonlinear for:ard block by algebralc
Means .

If the order of the numerator of j%(s) excesds the ordsr
of the denomlnator, the thecrem given on p. 12 may be inveked.
Tha recinprocel of /3(3) is then placed in the forvward block and
the nounllnear relation is inverted and put in the feedbsck block.
Thias possibility is illustrated in cne of the examples.

In the ususzl case, then, a time interval h wili be chossen
and the values of ﬁS(t) computed for t = & n, vhers k = 0, 1,

2, 3, *s¢ , This sequsnce will bhe written

,’309 ﬁl’ ﬁ.’%s 1331 N (27)

vihers the subscripts correspond tc the various values of k.

Similarly, tho values of y{t) wiil be written as the saquencs

Yo Yis Y22 T35 * ° (28)

To determine ths values of xs(t) at the times %+ = n h,

the integral of 3q. (19) will bs evaluated by the trapezoidal

AN AL G Rwaed

R T A A AR AR

i i o
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™mile. Mere alaborate and acourshe nethods ars availablelﬁ'lﬁ
cim
angd & been uaad in simdlar coaputabtlcons™ ., but the cheicn

oT the trapezoidal rule yesults in a partdisularly convenient

L R, TN ram ok ow A e R g P -
and slwmple proosdure. Accordlng to this rule, the Integral is

- (29)
o i ']
F oo f’
Pna¥ * % o
r : .
i}f ﬁ5(i} agntains an lmpulsive component of magnitude X, ¥
should be zdded to B, (29)2} Since hésk alvgays appears in

combinatlon, it is convenisnt to absorb h into the fg-sequencs

given in (27). The firsi menber cf the g-u guense san also

abaorb the factor 1/2, as can the first member c¢f the y-seguance.

The tvwo sequences are then

hf’*e nﬁl, hﬁg, hﬁﬁ gew® §a

-
Ll
(>
—

-
<
b
A
b
)
L
fact
W
w
L]
L]
L
P
il
$=
Norer?

The preocess of mulitiplicatlions and additions indlcatsd by
Bg. 29} iz carried cut corveniently on a deck calzulator. The
sequance {30) %a somputsd in sdvance and arranged in tabular
form along the isft-hant edge of a plecs of paper, starting at
the bettom. The velucs of yi{nh) are determined durling the course
of ths computation and are yecorded im a verilcal .cliumn on
ansther plece of papsr. The tochnrigque used to kaep track of ths

operations in Eg. {29) is shown i ¥ig. 1.
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It will bo noted that, unless ;‘3:{ = 0, sp{nk) will depend
' o

on Fns &S w@ll as the previcus velves of y. Hovever, y,. 1s 8130

dspendent nn Xsivmh} in arsther way, & indicatsd by tue relatlions
{“ ) 1 b Toth

Y, = £ L:‘((nﬁ}é (z2;

xloh) = x{zh} - x,{nh) (33)

from Eus. (BY g (9). If we Jdenote by S{mnh} all terms of Eg. (29)

gxcept. ne firost, Wwe may ¥Wrlie
x,{ph) = ry, <+ 3{nh) (34)

vhere r = h [50/2. Equaticn {33) may therefore be writien

_ x{ph) = xlinh) T Y, S{nh} 4
= 3(nk) =-r T {35)
where S{nh) = x,{mn) - S(=h). (37)

Since xli't) hes airesdy been calculated for all values of t and

nhj Gepends oniy or past vaiues of y, the present valuss of X

L3}
PN

‘]

y can be found by = sizmltanecus solution of £1s, ({32) and

o
).

The simultaneous dstermination of z{nh) and yinoh) can be

p..!
[N

o,

made very convenlently by a graphical method shcwn in Fig. 12,
This process is sxactly the same zs ihe one used for the large-
signel mnalysis of vzouum tubes hoving resistive loads. The

corresponding quaniities ave:
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Figurs 1Z. Graphicsl Solution for

¥y 8nd x{vh)
i
inasmuch &5 the sisps of the siraight line givea by £q. {36) is 8

a constant and only S varies, & single straight line of the
proper slope can be 4ravn or 3 plece of semi-Lransparsnt tracing
paper which may be supcrimposed ¢un the plot of y ez a Tuncilon
of X. As soon se S{mh} has been computed, the itracing papsr is
vlaced in the corrsct position, the values of y, sud x{nk} ars
found at tho intersection of the curves and entered in ths tablia
of valuss, {rowm which éi}n+l)h} is computed. The cycle is then

Ferts

repaated sz many timeg 38 noeceasary.
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Brormlies
1} Sapies Resonanbt Siroudt with Nenlinesr Inducter

conslisiing of a resictor, capacitoer,

and nenlinssr induchor is shown in Fig. 13%{a}. The probiem

&t by a
The original block diagrsm, given in Fig. 13(b), is

is %o determine the current caus
reducsd to ths standard form given in Piz. 13{c) by moviig
the block containing (1/s) to the left of the suis ing point

and into the feedback path. Since

- (38)

o]
P
L/}
S
i

and Glia) . {(39)
we have Xl{s} = (40)

i
w {m mkﬂ @

and therefors 5:1(%)

0
-4
[ ]
—
S
'-"
Surat

T™hs fsescdback funciion is

Bts)

giving ES (t)

2 5 Eﬁ (42)
8 8

2 +

2¢ {43)

¥or h = 0.2, the modified /ﬁ-aaqueme is therefcrs

o il i DO 55 ke

e

2 i e b i

S0 | 0.48, 0.55, 0.64, 0.72, 0.80, 0.B8, ***  (44)
The quantity r is therefore 0.720, and the general eduatlion for
-
%, = S{ph} -~ 0.20 y, {45}
i e B s TEFR e w}§ STRER R EREr = e g e v—-~—*:*- - : e

Lw“‘;m &;:n‘::ﬂn el o R 0 s b b

|



3
0 e s N BRI

A

=2
e \J‘\u:"‘ P

Uy
(¥

LY

N g
wmw‘mm,f?

g

e

\_hA %

i RN MO BMSVIR LA L S | o= Nen 3
e
g .

)

Hes

Seriocs

=
-

7

Figures 1

ey A a4 1 e

.M
!
;

R TR B E U L




e y o P ——— g e 7 B s = o

LT
o T3

To chank the zscurasy ¢f the med

2
w
W
(]
o
i
0
Y
(¢}
)
il
@
ot
o

treated first. The reletion between £ an

o B

. N
e Ca
1 4 iz ansuped to be

g = 4

s

4y

b
.
i
"o

x = ¥y

The inliisl corditions are tsken to de q{0) = 0, i{¢} = O.

After layinz oul the table ghoem on thz next puge, values

@)
o]

X, a8 conpuied from BEa. {41} and entered in the x
The initlal valus of 7, Yo = Q, is then entersd at the top of

the v-colunn. Ths next entries are computed as follovws:

Frem Eqs. 229) and (44),

O
2]
‘ e
Y
H
bk
]
TR PRy A R ek i ORI e o I e TR S v RO R R B L

5(0.2) = By, :
(0.48)(0)

0 (473

-
i

i

T e Hon et P A )

From Eqs. {37) and (4i),

3(0.2)

xl(oia) - 5{0.2)

1.000 {48)

Substituting the recuired numbers and solving Eqs. (45) and (46) s

elm:ltanecusly, ve 2ot

e

x{C.2} = y(0.2) = 0.833 {49)

c.u‘w

i . _ —
The graghical consiruction, shown in Fig. 14, is urmxmsceasary in
! his problam, uilnce 2qs. {451 and {&5} can b2 solivsd analytically
»
; i .
% ) to give . i
& & ]
£ S{nh} 5
2 B, = T {56}
if‘ ad 1 ° 26
5 & i ~

bl
Gz

5
FiE
=
A
=
k.
E
P
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0.2 1000 0.1567 C.83% 0.833
0400 1.600 0.687 1333 1.333
1,107 1.893 1.422 1.57€ | 1.578
2,038 1.962 2,565 1.635 1.635
3122 1.678 3.435 1.555 1.565

4,308 1.696 $.5% 1.43& 1.414

o

1]

C.4

%
L]
i
M
hi
o,
>
L]
'™
e

0.6

i
i.4 5.538 1.432 5,782 1.218 1.218
1.6 6.792 1.2086 6.553 1007 1007

B
o«
i}

W 6 ~N O &

8.041 | 0.959 8.201 0.79% 0.795
9.259 0.741 9.382 0.618 0.618

(38 ]
L]

O
()
©

Teble 1. Calculations for Series Resonart Circuit
vith Linear Inductor
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At the next glep, vwe have
8(o6) = Byy, + vy - Bsyg
' = (0.48)(1.333) ¢ (0.96){0.833} + {0.543{Q)
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x(0:8) = y(Cc.6) = 1.57& {56)

Tua rest of the calculatlions are made in 3imilsy fashion,
exceut that egquations like (47}, (51), and {54} are handied by
“ae matiiod of Fig. 11 rather than being writtzsn out o¥xplicdtly.

Similar calculstiong have been made “vr & = Tei and b = D45

- The resulta for the ﬁhfee different values ¢f k ars glven in

Tavle 1Y on the follovinz page, along With ths correct valuas.
The g-i relation asaumed is such that the inductor hes an
infuctance of uns hanry for the assumed single trrn. The
relation bebween the current aud applled voitazes is easily

ghown tc be

- o S ey ¢
33} == i ——in wE g gB?}

For a S-volt step, it fellows that

1{2) = 5 e sin
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- 30 =
) Gurrant
Approxinate Valuse GCorract Yal
E = 0.1 h = 0.2 | h = C.5

et

W

e

|f‘
o
o~
R

g

X :';; GG ke 5."3
1.638 1.635 1.622

1.552 1.555 1.667 | 1.548
; 1.413 l 1404
&
| 1.220 1.215
. P 1,111 1.113
-}- “QG"I; 1 .CO?

©
-3
10
0

0.805
C.5% C.615
| o.ass | 0.246

0.000 0-036
0.061 0,053

o
&
[a ]

-0.062 -0.069

-, 042 3 «0.,055
~0.022 -0.052

Hggults of daleuiabionsg for Series Desonant
Tireuld vith Linesr inductor
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crmere 't glves & reusonably good qualitative picture; the

wowimen and minimus points of the curvee occur at the prover

Tlaces. In general. the error varies reughly =5 B,

The szame process is emplored if the induvectcr iz nonlinear,
sxcgpt that y and x are no longer related by a cimple pro-
portion. For the example 1llustrated here, the curve of Fig. 15
is used. Romembering that y = 1 and x = #, it w#1ll be seon thal
ihis curve is a typical masnstization curve, applicable to 2
variety of common magnetle materisls.

Suppose that h = 0.2 18 taken for the time increment. The
same tabls 1s used for the A-sequence and a table like Table

iI is atazrted, beginning wiih

3{3,2} =

1000 {59)

as befors, In this csse, eo indicated Dy Fig. 15, the values
of x arnd y ars

x(0.
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{;I valune of current

lno nesd teo rocord x
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The calculaticns ave continusad iIn similar feshlon asg far as
necaossers. Resuits of guch calculsticne for h = 0.05, C.1 and
0.2 are given ip Table III on the following pags and plottel
in Fig. 16.

Ingspection of the table and the curves indicates that
h = 0.2 18 not an unreasonablie incrsment, except for one poor
value at ¢ = O.4. For smell valuesa of t, the small increments
give better resulita. In 3ll cases there is some fluctuation in

the values; cgused in part by insbility to obtalin more than
s

three significeont figures from Fig. 15. Some of the accuracy
abhainabie by the use of the epall incremenits is not realized
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N i Approxiznate Current Veluas
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2.06 2,11 2.35
2.%

0.8  1.55 1.5 1.55
= 1.0 ) -Lc—-5 1322
3.2 0.93 G.97

ie%r 0.3C C.80

T A ~o o L
106 D55 el

1.8 0,54 C.54
S 45

'., -
2.0 C.45 ! 0.%3
Table ¥IX. Benujis of Calculaticn: for ccriss
N AReaonant Tircait #ith Nondincar Izductor
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{2) K Laddey Weilvork Containing a Dicds

is given in Fig. 7{bi-
RQ
i
e A e
AR > o)
== V VYV =
0 — s K
wl amiad 02 k‘z
| .

{a)

d 1 % X =1 Hn
+ e R Prrert
c ’ G 2
BqCy8 + 1 . RyCoe + 1
i %o
2 &
i 1
| - §
i g_’i 320 !
: + Lo
HyCan + 1 i—?;ﬂﬁ@“g
1 375 535 2 .i
{v)
Figure 17. I ladder Heivork and Block Diagrum
‘ in this case, the dicde is described by a conductance Tunctlon,
81
dencted br {} . The varisbis y 1s the current through the diode

i
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the transfer Tunction of the input block is

5
j =

e« S A ¢ Ay 1T hab M A S bt by et e

[~

G (3) = ""'"1 ? (65.
1 8 + 1
vith the result that
X.{8) = 2 {eg)
s (8 + 1)
Iy . . =% -

The transfer function cf the f=gedbsck bloek is

f%is) 8 +2l

ﬁ{t} = 2 e,.-t, .

i

(69)
The /gaaequence 4s therefore
{70)

it h = 0.20.

=
©
[

It may 8lszo be noted thai, the particular values

selected,
xz(s}
: a2l = L= Ll O
§§{~. 5 3 (71)
o - = x‘%it)
and thercfors eslt) = ~mBo——— . {72)
&
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A linea ocags 1s conaldered first,
azzurscey of the meihiod.,

as a cneck on tha

d, If 2 l-ohr resistor is substitutsid

i
4 5 =t i -zt = i1
es(t) = 1 - i € + i e 7 (7%} %
B N 2
:Gi;
%
i
.x
=
i . e o P p—— w—‘_‘:‘i&‘ e — AR b

Proceading a3 tofors, Tabls IV Is cblalined.
i i
= g
t Xq 5 ] ==y X e
1 2 0
c O - - & ¢ o

5532
L7005
8356
G092
G494

1.2 | 2,0064| .9%08]1.16% | .9713|1.1251 | .5525
1.4 | 2.2602 | 1.0802 | 1.180 .5833 | 1.2769 | .6384 |
1.6 | 2.3943{ 1.2064 | 1.1875 | .9899 | 1.4044 | .7022
1.8 | 2.5041 1 1.3118 2.29253 | .9936 | 1.5105 | .7553 |
2.0 | 2.5940 | 1.3995 | 1.1947 | .9956 | 1.5984 | .79%2 3
Table 1V. Calculations for RC Ladder Fetiork ¥

with Linear Resisior g
Similar calculations were made for h = 0.1 2ni h = 0.5. £
£

-0906 L0453
.2885
.5180 | .2590
.T428 |
L9470 | L4735
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Output V

vilaye

-3

xipats Valucs

Correct Val

ug

h=Cl | R=0.2] h=0.5
o o o o o
0.1 0.0130 0.0132
0.2 0.0461 L0453 0.0453
0.3 0.091% | 0.0921
0.4 0,1449 0.1442 0.1451
0.5 0.2015 0.1967 0.2018
0.6 0.2504 0.2595 | 0.2594
0.7 6.3163 [ 0.3iG4
0.8 0.3713 0.371b C.371h
0.9 0.4238 G.8238
1.0 C.h732 0.4735 0. 475 0.4731
1.2 0.5625 0.5619
1.4 0.56384 C.6376

1.5
1.6

i.8

2.0

0.7022
0.7553
0.7992

0.8045
0.8847
0.932¢
0.9617

Tableg V. Hesults of Caleulations for XC

Network with Linear Resistor

Leddar

0.6709
0.7C13

0.7543
0.7982
0.8771
0.9253
0.9547
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Ar an appyoximetion to the voitass.~current characteristic

of a orystsl dlcds, the relation

Yeby
oo
@ _ O
3 4]
vV A
o o

was used. In the gereral notsltion used previcusly,

€&

Equation (76) was plotted and the calculations wers repeated,
uvsine the graphicsl method & .sxisd before Results for h =

= 2

0.1, 0.2, and 0.5 are given in Table VI and plotésd in Fig. 3o

Approximate Outputbt Voltagse
b = 0.1 h = 0.2 h = 0.5

o C 0 0
.1 0.00@,)
0.2 0.005- 0.008
0.3 6.022
0.4 0.062 0.068
0.5 0.121 0.150
C.6 0.19C 0.192

C.7 0,203
0.8 0,329 C.328

0.9 0.392
1.0 C.450 0.450 0.442

2.0 0.800 ©.800

Tabie VI. Fesults of Caleuluations for RC
Ladder Network with lonlineer Dicde
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In the llnsar 2sse, tha sclution for h = 0.1 d'ffers
from the correct solution by not more than thres upiic in
t}-‘- - &y Gosimnal viace g h = (3.2 s\@ 3B +h meoaciTam

8 rourth detimal rlace. fFor = Q.2 ang 0.5, the meximm
srrora are 10 and 80 units, respectively, as hefore, ths

arror varias rougihly as ne.

Since a correci sciution to the noalinesy Trol.fu a3

rof, gveilasdble, tha error cannot be determined prev iely.

T
-

sulte for b = 0.1 are =sbhoud

@
Eti

Hodevar, it ammaars that th
28 %0606 g8 can bo exygcted with the mmber <« zignificasnt

figures employed.

{3) Torque-Saturated Servomschznlsm

As ancther example, the simnie Loriug-SaluPaLsl 0 ¥0

machanism shown in Fig. 19 is considar

Figure 19. Block Diagram of Torqus-3aturatsd Servomechunisn
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parameters may be introduced; a sultable choice is {
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out loss of generaiity,

‘..| [

4
g wa

a new

£

BT
aq ﬁ{%:
T = woi
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in the example vhich follows, ve have chosen to lat \

o, =i, end £, =

F =3, and £
ftz
x —

[
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ot
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aet of dirensionless
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The srroie et +o= 0.8 aze 6, 20, and 74 units in ths
fourth decimal place: ths varistlon 1z ageln roughly as h™.
in this cass, the vzlues obtalined using - = 2.4 appeer to be
guite satisfeotory for plodting purposes.

A similer set of caleulaticons was made o~ thie network

T, -— E S | pere- 5 b = g v -
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In this problem, the calcuiations with h = G.4 appear
o axnaust the accuracy of the grapaical solution. Use of
smallar steps Joes not inciegse the accurecy, since the maln

soursa of error is the graphiesl dsetermination of x and y.

B

& smallesr steps do, of course, glve e mors complsis
piciure of the resvonsec.

The resulis are alsc plotted in Fig. 23, using steps
of h = 0.1 for £+ {1.¢ and h = 0.2 for ¢t > 1.0, The corrsci
{computed} curve for ths lincar cose ip included for com-
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Table X. Results of Calculations for RC Hetwork

with Nonlinear Dicde
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cutlired in thls report is affected Wy e varliety <f possible

(1) Calculaticn srrors - due to arithmetic =
in carryivg out the various rultiplicetlons
additione, and subtractions

o
N
g

fraphical srrors - due to inablility to apns

e
the intersecticn of two curves more cliosely than
“hree or four sigmificent figures

P

)
N
S

aound-off arror

integration error - due tec iladequacias of the
approxicate intezration formula (trapezoidal
~vle), assuring that ths values of the integrand
ire correct

~~,
B
A

(5) Inherited error - due to insccuraciss in the
integrand rasuliting from provious errors

- s am

The possibliity of crrors of the first thres typss can
bs minimized by elementary sirategemss (1) careful work and
differente checks of the variables as thsy ars obtained; {2}
uze of 2 sharp pencill and a lsrgs pisce of gZraph waper:; sad

carrying more decimsal pleaces than will be retained in

#,

-
-,
-

W ?

the final results. The cother types of crrey deserve i mOTe

Getailed discussgicn.

Bacaoaise the trapezcidal rule is Dased on an aprroxXination

cf the integrand by a serlss ¢f straiget lire sezments, 1t

#3111 give correct roaulis for any intugrand havins s constent

first derivaslva; eny errcrs which are enccountered can thus
@ Lraced to the pigner derivalives of ihe Intavrsznd. &

thorougn analyeis of the question 2laads to the {oilioving
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L = @ = toia? interval of integration;
2 = Tunction to be integrated {(intemrsmi);

L

B & peximam velus of the sozord derivabive
¢f the integrand In tho intervsl 0Ot ¢xn

A more optlimistie estlmsie of the errvor isla’l"‘
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whare z'{nh) and z'(0) are the first derivatives of the

Mg

integrand at ths end ard begimnins of the interval. Sincs
h
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vhere z . densiss the aversge value of the second derivative %

of #he integrand In the interval under coneideration, Ths

twe formmlas ere therefcrs cssentislly the same. The minus

sign in ine formulas reflects the Ffact that the approximate
vTaiug 0 the integral wiil ©o toc hizh Af ths curve which
represonks the integrand is concave upward, placing 4hs

>

streight-ling aprroximatism asbove tus curve.
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where the pricss dsnote diffsrentiation with reapect to T .

'm

s

dnile ﬁ{ﬁ or #(t) 45 knowm in sdvance, yi{t) and %,{t) are ;

determined in the course of the calcuiations and are subject

to ths orrors “hich sre tc be estimatsd. any estimate of the

o

rrar mat therafore be made after the calculatlions have bean

o 26 i s W b a1

opplated. Equation {112}, in particular, car be used to ouvtaln
a2 auick estimaie of the esvor as the calculations progrsss.

rerhaps tng mess useivi ecmeiusisn o be drzin Trom Eds,

e ths variation of error with h. if two zaries

E
@

Tereni valdea of n, znd if these valuces are npot aubject to
4 )
other errorz, tna fLaect that the error verliss a3 n~ nlght Lo

5

useid o pick & third value of b vhich vould lead tc results

of any desired mocuracy.
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H Althouth the guestion of Inhoritsd errors liag not heen
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thoroughly studied, the followlow observailons can be madea.

Suppeas theaet the 3

v

i) o= % {t) - (%) (8}
|
A e b =% +{? fy
) = % t S
¥iv i ( '3 -y
. & g2 T 3
: it = L 8 (v - %) at (19}
- do ¢

oy £ s 3 3 . P ol A L] o 3t '3 o o
Ths value of xg\t} ig aprroximsied hy a waighied aum of pressnt

end pest values of y. If the epproximate intezraticn procsss

N AR\ V0 P U e,
i 2
fag

x
2

A

introduced no error sxcept that due to inaccurabe valiues of y,

.

the error in X, would be s velghtsd sum of the errors in y.

Assuming that ${x)} %8 & well-bshaved Tunction amd thet b ls

-

small soough so thoet thers aro oaly amall changes in xl(t) and

i

et

e~

+
£

in any incremant, thers iz a tendency for errors in x

5w

d ¥ 4o altermate in sign., This tendency is avident in aome

t",?

¥ the exsmples and mey be explazined as fcllowa., Suppess that

one of the values of y 45 too lasyge; the corrsspondiing value

Wl N e B e BN

of %, from 4., (19) will likewlise e o0 large. Ths next value

4

Al

6f x, computed from Zn. {8}, vill be too smelil ard will lead

to 2 value of y, from g, {9}, vhich will therefors be small.
if ths errors are noi ftoo big, the process thus tends to be
partially seif-correctlng, with the resuld that inherlted
ervors have not nesn o problen.

it the step-by-step procese is to te applled to phyeiczal

syatems and chacked cxperizmentally, othar gources of error arc

Intreduced; the most important is tha possibliity that dynamis

sk <« 25 i 4 e - 4 5 N -
behavior of noniinezr elsusnita is not rredicissia Troz the
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indicated by a standard type of block dlegram. The vechnlques

invelved -~ gparaticonal methematics, mumorical integretllion, and

kuown to engineers, vhe will find the scourasy of the method
satiefactory for most purpcses.

. It sppears that the method is epplicsble to systisms in
s | whioh the nonlinearity chamges in a prsseribed manunsr with
tims or depends on an indepepdent signal, such as a grid

voliage of a vacuum tubs. Jith some addltional work, it may

: prove aprlicable to-aystems having more than one nonlinesr
X elemsnt,
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